Abstract-Generation of chaos is of the highest interest for many kind of applications as secure transmissions, image processing or telecommunications. In this paper, we continue previous studies in order to show that chaotic signals can be obtained from very simple circuits including switches. Such circuits are very easy to implement and robust chaos can be obtained, depending upon parameter values. For this aim, it is necessary to study and understand the bifurcation structures of the circuit model.
I. Introduction
In order to obtain chaotic signals that can be used in applications, simple circuits including switches have been considered those last years. Their interest is of two types: first, they belong to the class of hybrid systems that have recently attracted a great interest, secondly, they permit to obtain chaos in a very easy way. Hybrid systems appear for example in Electronics and Electrotechnics and the understanding of their behaviour is necessary to choose the best parameter values for different kinds of applications. Such systems generally evolve in continuous time, but it is possible to modelize them using discrete time maps, by introducing a discretization similar to the building of a Poincaré map. This is the case for the circuits we consider in this paper. Concerning the second point, chaotic signals have appeared as very useful in many kinds of applications in the last twenty years, particularly telecommunications, secure transmissions and image processing. Indeed, for some kind of applications, it is necessary to obtain robust chaos [1] , which can endure, even if parameter values are slightly modified. A way to obtain robust chaotic signals is to consider systems where border collision bifurcations appear [2] [9] [7] [8] [11] , they generally constitute a class of hybrid systems. Chaotic generators can also be obtained using continuous time models as systems based on the Chua's circuit (analogical circuit), while others are discrete time systems which directly iterate a chaotic map (digital circuit). The problem with these systems is that chaos is not necessarily robust.
In this paper, we propose two kinds of chaos generators obtained from simple RC circuits including switches managed using a clock (impulse waveform) and the charging/discharging of the capacitors. Our models are given via one-dimensional (1D) or two-dimensional (2D) nonlinear maps. We have previously studied such chaos generators [3] [5][6] [4] . Our aim is to present the analogy between both kinds of circuits and to complete the previous bifurcation studies.
The section 2 is devoted to the description of the circuits and the recall of their modeling. Both kinds of models are based on the definition of a piecewise continuous map using three determinations. In section 3, bifurcation studies permitting to obtain periodic orbits and chaos are given for some parameter values and complete the previous studies.
II. Description of the circuits
We propose two simple circuits, the first one is modelled via a 1D map and the second one via a 2D map. They both depend upon parameters that can evolve and give rise to existence of chaos. They are also both defined by a piecewise continuous map with three determinations.
A. The 1D circuit The 1D proposed chaos generator is a quite simple circuit given in Figure 1 , very similar to those discussed in [9] [7] . The state variable is v(t), the voltage across the capacitor. The switchings are given by a logical part including the clock, the two R-S latches and the logical functions XOR and AND.
A switch occurs at every clock period T or when the state variable v(t) reaches the value of V D or V U . The capacitor charges (p=0) when v(t) reaches V D or discharges (p=1) when v(t) reaches V U . For more details on the functioning of the circuit and its modelization, see [4] . After normalization of the variables and the parameters in order to have the phase space equal to [0, 1], the circuit is modelled by the map x n+1 = F(x n ) (cf. Figure 2 ), which is defined as follows:
where the state variables and the parameters are:
with the switching values:
It is easy to see that the map (1) 
B. The 2D circuit
The 2D circuit is shown in Figure 3 and its model has been introduced in a more detailed way in [3] [5] [6] . Just recall that the state variables of the system are the two voltage capacitors v x (t) and v y (t). At every clock period T , the flip-flop is set and then the switches position is '1'. When one of the capacitance voltages reaches the reference value V re f , the two switches are turned toward their position '0'. So, according to the switches position, the two capacitors are simultaneously charging or discharging. Thus, using classical models of circuits, we easily obtain the equations of the system. As in the 1D case, we normalize the state variables and the parameters. Then we obtain the 2D map (
with:
where the three domains D 1 , D 2 and D 3 are defined as follows (see Figure 4) : 
assuming x b ≥ 0 and y b ≥ 0, which occurs for
It is easy to see that the map is well defined as G is continuous and maps the square Q (the phase space of interest) into itself. As in the 1D case, the map is defined using three determinations G 1 , G 2 and G 3 , depending upon the location of the state variables in Q. 
C. Conjugacy
Proposition For the map (4) , the two cases μ > 1 and μ < 1 are topologically conjugated, whatever be α and ρ.
The proof [6] follows immediately due to the following property:
This proposition permits to deduce the study for μ > 1 from the study for μ < 1.
III. Study of bifurcations and robust chaos

A. The 1D circuit
A more detailed study has been given in [4] . We can obtain the bifurcation curves for order k cycles. We have to look at the way of exchanging the points of cycles by F. For instance, when an order k cycle has its points exchanged k − 1 times by F 1 and one time by F 2 , a degenerate flip bifurcation curve corresponds to FBka; the curve FBkb corresponds to the points exchanged k − 1 times by F 1 and one time by F 3 :
For order k cycles, it is also possible to obtain border collision bifurcations. The bifurcation curve is given by the equation:
the order of exchange of the points of the k-cycle being given by
1 F 2 . On the Figure 5 are plotted the bifurcation curves of the order 1, 2 and 3 periodic orbits. The Figure 6 gives the areas of stability of order k periodic orbits, k = 1, ...5, it is very easy to observe that these areas are limited by the bifurcation curves obtained in Figure 5 . Between two stability areas of periodic orbits, chaos appears (k-pieces chaotic attractor), which undergoes a succession of homoclinic bifurcations giving rise to an one-piece chaotic attractor.
For some parameter values, chaos can be located on the three domains I 1 , I 2 and I 3 ( Figure 8 ). This chaos is obtained from border collision bifurcations of order k-cycles whose points exchange by F 1 , F 2 and F 3 . This is the case around the stability area of an order 3-cycle (see Figures 6-7 ). This area is limited by bifurcation curves corresponding to border collision:
BCB3a : δ
BCB3a corresponds to a point of the 3-cycle which merges with x a and BCB3b to a point of the 3-cycle which merges with x c . The third limit of the 3-cycle stability area is given by a flip bifurcation curve FB3 :
, which is obtained when the product of the three slopes of the map is equal to −1. In this case, chaos can be considered as robust; indeed its existence domain in the parameter space is large enough. 
B. The 2D circuit
Previous studies of the map (4) have been done in [3] [5] [6] , they concern some specific cases. The map (4) depends upon four parameters; in [5] , the study has been done for μ = 1 and in [3] and [6] , the case of ρ = 1 has been studied. Here, we present some preliminary results in the general case. Next studies will permit to extend and develop the results presented here.
First, as in the case of the 1D circuit, we can obtain analytically some bifurcation curves related to the case where two determinations of the map have to be considered to obtain the attractors. Some of these curves are given by:
They correspond to degenerate flip bifurcation curves [5] [6] related to exchange of points using G 1 and G 2 (DFBka) or G 1 and G 3 (DFBkb). Other curves related to border collision bifurcations are detailed in previous studies [5] [6] . In this paper, we want to focus on the possibility of exchange of points using the three determinations G 1 , G 2 and G 3 of the map. We can obtain the curves BCBk (see Figure 9 ), which correspond to border collision bifurcations, when considering the k-cycles (k even) obtained using:
These curves are obtained numerically, they correspond to a point of the k-cycle (k even) merging with the border x = 1. After the border collision bifurcation, a chaotic attractor exists, which is located in the three domains D 1 , D 2 and D 3 (see Figures 11-12 ). These curves also correspond to limit of stability areas of periodic attractors (see Figure 10 ). 
IV. Conclusion
We have proposed two examples of simple circuits permitting to obtain chaotic signals. Both circuits are modelled using maps with three determinations in the state space. For both models, it is possible to obtain analytically the equations of some bifurcation curves, regarding the attractors existing in two of the three domains. It permits to understand the appearance of chaos by border collision bifurcations. Such chaos can be robust, when related to two determinations of the map among the three possible ones. Chaos can also be obtained using the three possible determinations, but as the parameter values that permit to obtain it are in smaller domains of parameter space, such chaos does not seem so robust in our examples. Nevertheless, chaos obtained using the three determinations of the map could be more useful for applications (for instance, in secure communications, it could be harder to detect it).
We intend to continue and develop our studies in order to improve the way of obtaining more robust chaos useful for applications. In this paper, we have considered deterministic chaos. From another point of view, statistical studies of our chaotic signals could be of interest. Indeed, chaotic signals can be used for applications, for instance cryptography or secure transmissions and it is important to evaluate their randomness. Then, it can be of great interest to apply the statistical NIST tests [10] or to study the auto-correlation and cross-correlation of such signals.
Our circuits have also been implemented and the existence of periodic or chaotic attractors have been put in evidence in the implementations in spite of noise inherent to such experimentations.
